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Abstract. In this paper, we obtain some companions of Ostrowski type in- 
equality for absolutely continuous functions whose second derivatives absolute 
value are convex and concave. 



1. INTRODUCTION 



The following inequality is well known as Ostrowski's inequality in the literature 
®: 

Theorem 1. Let / : Jcl- >WL be a differ entiable mapping on 1° , the interior of 
the interval I, such that f £ L[a, b], where a,b £ I with a < b. If |/'(x)| < M, then 
the following inequality, 

/(as)- -J- [ f(x)dx 
b- a J a 

holds for all x £ [a,b]. The constant \ is the best possible in the sense that it can 
not be replaced by a smaller constant. 

In pQ , Liu introduced some companions of an Ostrowski type inequality for func- 
tions whose first derivative are absolutely continuous. In [2], Barnett et al. estab- 
lished some companions for the Ostrowski inequality and the generalized trapezoid 
inequality. In [3] , Alomari et al. introduced some companions of Ostrowski inequal- 
ity for functions whose first derivatives absolute value are convex. 

In this paper, we established some companions of Ostrowski type inequality for 
absolutely continuous functions whose second derivatives absolute value are convex 
and concave. 

In order to prove our main results we need the following Lemma [1]: 



< M (b - a) 



(b aY 
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Lemma 1. Let / : [a, b] — > K be such that the derivative f is absolutely continuous 
on [a, 6]. Then we have the inequality 

j f(t)dt - \ [f(x) + f(a + b- x)} 
1 ( x _3a + b\ [f{x) _ f{a + b _ x)] 



1 



2(6- a) 



(7 a) 2 f"(t)dt + X (t- £±^) f"(t)dt 



+ I (t- bf f"(t)dt 



i a+b— x 

for all x G [a, 2±»] . 



2. MAIN RESULTS 

Theorem 2. Let / : [a, 6] — » R 6e a function such that f is absolutely continu- 
ous on [a,b], f" G Li[a,6]. J/ |/"| is convex on [a, 6], i/ien we /iawe i/ie following 
inequality: 

-L- /' /(t)dt - ~ [/(z) + /(a + 6 - *)] 
b — a.L 2 



1 [/'(*) -/'(a + 6-*)] 



< 



(x — a) 
24(6 - a 

6{x - af + (a + b-2x) 3 „ „ 
H — ; [1/ 0*01 + 1/ (a + 6-x) 



48(6 - a) 
/or a// x G [a, 2±£] . 

Proof. Using Lemma [I] and the property of the modulus we have 



T^— I f{t)dt-\[f(x) + f(a + b~x)\ 
b - a . L 2 



If 3a + 6 

-— \ x 

2 V 4 



\ [f'(x)-f'(a + b-x)] 



< 



1 



2(6- a) 



{t-af\f"(i)\dt + 



a-\-b—x / , i \ 



+ / (t-6) 2 |/"(t)|di 

J a-\-b—x 

Since |/"| is convex on [a, 6], we have 



|/"(i)| < — + |— ^ |/"(a)| , i G [a,*]; 

x — a x — a 



SOME COMPANIONS OF OSTROWSKI TYPE INEQUALITY 



3 



!/"(*)!< \ \ \f(a + b-x)\ + a + b u \ - \f"(x)\, te(x,a + b-x] 



b-2x 



a + b — 2x 



and 



< t a b + x + |/"( a + b-x)\, t£(a + b-x,b]. 

x — a x — a 

Therefore we can write 

,b 1 



1 



b — a 



f(t)dt--[f(x) + f(a + b-x)] 



< 



1 ^ :-',<i - l> 
1 



— x 

2 I 4 



(t-a) 



[f(x)-f'(a + b-x)} 
t — a 



2(6 -a 

ra+b-x / a + }} 



+ V(a)| 



t — X 



a + b ~ 2x 



\f"(a + b-x)\ + 



dt 

a + b — x ~ t 
a + b — 2x 



a+f>— a; 

i f i 



a; — a 



x — a 



, ■ (x - af \f"(x)\ + — (x- af I f"(a)\ 
2(6 -a) (.4 V ' U y 71 12 V 7 V ;l 

+ ^ (a + 6 - 2x) 3 |/"(a + 6 - x)\ + 1 (a + 6 - 2x) 3 |/"(x)| 
+ ^ 0* " a) 3 !/"(&)! + \ (* - af I/" (a + 6 - x)| 



(a; — a) 
24(6 - a; 



[|/"(o)l + |/"(6)|] 



6 (x - a) 3 + (a + 6 - 2xf 
+ 48(6 -a) 

which is the desired result. 



[\f"( x )\ + \f"(a + b-x)\], 



a 



Corollary 1. Let f as in Theorem® Additionally, if f'(x) = f'(a + b— x), we 
have 



t~ / f{t)dt-\[f{x)+f(a + b-x)] 
6 - a J„ 2 



< 



(x — a) 
24(6 - a] 
6(x-a) 3 + (a + 6-2x) 3 



48(6 - a) 



[\f"( x )\ + \f"(a+b-x) 
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Corollary 2. In Corollary]^ if f is symmetric function, f(a + 6 ~ x) — f{x), for 
all x G [a, ^y^] we have 



f(t)dt - f(x) 



< 



b — a 



(x — a) 



[\f"(a)\ + \f"(b)\] 



24(6- a 
6 (x — a)° + (a + b — 2x) 



+ 48(6 - a) 

which is an Ostrowski type inequality. 



[\f'(x)\ + \f"(a + b-x)\], 



Corollary 3. In Corollary^ if we choose x — ^y^, we have 



< 



(b-a) 2 
192 



f(t)dt - f 



l/»l + 6 



a + b 



a + b 



\f'(b)\ 



Corollary 4. In Theorem^ if we choose x = 3£i±, W e have 



1 f b 1 
— / f(t)dt-~ 
-a J a 2 



3a + 6 



< 



1536 



\f"(a)\+7 



„ /3a + 6\ 



-/ 
+ 7 



36 



a + 36 



\f"(b)\ 



Remark 1. 



Theorem 3. Let f : [a. 6] — > M be a function such that f is absolutely continuous 



[a, 6], /" 6 L x [a, b]. If \f 



is convex on 



then we have the following inequality: 



[a, b], for all x G [a, 2±i] and q > 1, 



6 — a 



f(t)dt--[f(x)+f(a + b-x) 



If 3a + 6 



< 



2 1+ i {b-a){2p+l)p 



[f'(x)-f'(a + b-x)] 

(x-af(\f"(a)\ q + \f"(x)\^ 



{a + \ ^ (\f"(x)\ q + \f"(a + b-x)\y 



+ (x-ay i (\f(a + b-x)\ q + \f"(b)\ q )« 



where - + - — 1. 

P g 
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Proof. Using Lemma Q] Holder inequality and convexity of \f"\ q , we have 

j~~ j f{t)dt-\[f{x) + f{a + b-x)] 
b- a . /„ 2 



< 



1 



2 (b -a) 



(t-a) 2p dt) [ I \f"{t)\ q dt 



a-\-b—x 



a + b 



2p \ p ( r a+b- 

dt 



b \ p ( f b 

[I bf p dt) / 

a-\-b— x J \Ja-\-b—x 



If'W'ii 
\.r"u)\«dt 



< 



i 



2(b-a) 



(t - a) 2p dt 



b 

a+b—x 



1 " ' ""<^ q ' ^-L\f'(a)\ q 

x — a 



dt 



a+b-x / , ^\ 2 P \ p / ra+b—x 

t — rft 



t — X 



a + b — 2x 



■ • ' ' a + b X * \f"(x)\" 



\f"(a + b-x)\ q + 



b \ p I r b 

(t-b) 2p dt) / 

a+6— x J \J a-\-b—x 



- a b + X | f"{b)\ q + — I/" (a + 6 - x)\ q 
x — a x — a 



a + b — 2x 
dt 



dt 



(x — a) 



2p+l \ p 



2(6 -a) I (2p + 1) 



— a \ i 



(\f"(a)\ q + \f"(x)\y 



a + b 
2p+l \ 2 ' 

\x-a) 2p+1 Y 



2p+l\ p 



a + b 



-x) (\f"(x)\ q +\f"(a+b-x)\ q y 



x — a \ q 



(\f"(a + b-x)\ q + \f"(b)r 



y {2 P +i) j v 2 

When we arrange the statements above, we obtain the desired result. 



□ 



Corollary 5. Let f as in Theorem^ Additionally, if f'(x) = f'(a + b — x), we 
have 

7^— I f(t)dt - ~ [f{x) +f(a + b- x)] 
b — a.L 2 



< 



1 



2 1+ * (b-a)(2p+l)p 



(x-af(\f"(a)\ q + \f"(x)\ q y 



+ (a + \ (\f"(x)\ q + \f"(a + b-x)\ q y 

+ {x-af(\f"{a + b-x)\ q + \f"{b)\ q y , 
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for all x G [a, 2±*] . 

Corollary 6. In Corollary^ if f is symmetric function, f(a + b — x) — /(x), we 
have 



b — a 



f(t)dt - f{x) 



< 



2 1+ * (b-a)(2p+ 1)~ 



{x-af(\f"{a)\ q + \f"{x)\<>y 



(a + b A ^ (\f"(x)\ q + \f"{a + b-x)\y 



+ (x-af(\f(a + b-x)\ q + \f"(b)\ q y 



for all x G [a, s±k] . 

Corollary 7. In Corollary® if we choose x — S^p, we have 



6- 



f(t)dt - f 



a + b 



< 



(b-af 



25 (2p+l)p 16 



a + b 



2 

i/»r 

\f"W 



a + b 



We obtain the following result for concave functions. 

Theorem 4. Let f : [a, b] — > R &e a function such that f is absolutely continuous 
on [a,b], f" G ii[a, 6]. // is concave on [a,b], for all x 6 [a, ^y^] arid <7 > 1, 
£/ien we /iaue £/ie following inequality: 



7^—1 f(t)dt-hf(x) + f(a + b-x)} 
b-a J a 2 

L f x-^)[f(x)-f(a + b-x)} 



< 



2 V" 4 
1 

2 (6 -a) (2p + l)* 
(a + fe-2x) 3 



(x — a)" 



a + 6 



a; + a 



+ (a: - a)" 



•26-. 



where - + - = 1. 
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Proof. From Lemma [1] and using Holder inequality, we have 



1 



b-, 



f(t)dt- l -[f(x) + f{a + b-x)] 



If 3a + b 
x : 



) [f(x)-f(a + b -x)} 



< 



1 



2 (b - a) 



(t-af p dt) ( / \f"(t)\ q dt 



1 ' a + b 



2p \ p ( r a+b- 
dt 



f'{t)\ q dt 



(t - bf P dt 



P I rb 



a+b—x 



\f'{t)\ q dt 



a+b—x 



Let us write, 



\f"(t)\ q dt - (x-a) / \f"(\x + (l-\)a)\ q d\, 



a-\-b—x 



\f"{t)\ q dt=(a + b-2x) / |/" (A (a + b - x) + (1 - A) x)\ q dX 



and 



\f"(t)\ q dt= (x-a) / |/" (A6+(l- \)(a + b-x))\ q d\. 



i a-\-b—x 

Since \f"\ q is concave on [a, b], we use the Jensen integral inequality to obtain 
(x-a) f \f"(\x + (l-\)a)\ q d\ 



= (x-a) / A |/" (Xx + (1 - A) a)\ q dX 



< (x-a)[ I X dX 
x + a 



f" T^ToTT / (Aar + (l-A)o)dA 
\ Jo A dX Jo j 



— (x — a) 
and analogously 



(a + b - 2x) / |/" (A (a + b - x) + (1 - A) x)\ q dX < (a + b - 2x) 



n ( a + b 



(x-a) / |/" (A6 + (1 - A) (a + b - x))\ q dX < (x - a) 



a + 2b — x 
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Combining all above inequalities, we obtain 

rb 



1 



b — a 



f(t)dt-\{f(x) + f(a + b-x)] 



3a + b 



[f( x )-f(a + b-x)} 



< 



{x — a) 



2p+l \ p 



2{b-a) \ (2p + l) 



a + b 



(x — a) ' 



x + a 



2p+l 

(x — a) 



2p+l\ v 



2p+l \ p 



< 



(2p + l) 
1 



2 (b -a) (2p+l)p 



(a + b-2xy 



(x — a) < 

(x — a)' 
a + b 



(a + b-2x)" 
a + 2b-x 



„ ( a + b 



„ ( x + a 



f" 



+ (x — a)" 



2b 



for all x G [a, S±k] and i + i = 1. 



□ 



Corollary 8. Let f as in Theorem^ Additionally, if f'(x) = f'(a + b — x), we 
have 



1 



b — a 



f(t)dt-\[f(x) + f(a + b-x)] 



< 



2{b-a) (2p+l)» 
(a + b- 2xf 



(x — ay 



x + a 



f" 



„ / a + 2b — x 



a f a + b 



for all x G [a, ^] . 

Corollary 9. In Corollary^ if f is symmetric function, f(a + b — x) — f(x), we 
have 



1 



f{t)dt - f(x) 



< 



1 



2 (b -a) (2p+l)' 
(a + b- 2xf 



(x — a) 
a + b 



f" 



„ / x + a 



2b- 



for all x G [a, 2±*] 
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Corollary 10. In Corollary^ if we choose x = ^i^, we have 



< 



(b-a) 



16(2p + l)* 



f(t)dt - f 
f" 



2 

3a + b 



3b 



Corollary 11. In Theorem^ if we choose x = ^±k, we have 



f(t)dt 



< 



(b-aY 



128(2p+l)' 



/ 
7a 



3a + b 



+ f 
f" 
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